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generality of the theory. 
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1 Introduction 

As it is well known, symplectic manifolds play a fundamental role in the Hamiltonian formulation 
of Classical Mechanics. In fact, if M is the configuration space of a classical mechanical system, 
J> . then the phase space is the cotangent bundle T*M, which is endowed with a canonical symplectic 

| structure, the main ingredient to develop Hamiltonian Mechanics. Indeed, given a Hamiltonian 

function H, the integral curves of the corresponding Hamiltonian vector field are determined by 



the Hamilton equations. 

A method to obtain new examples of symplectic manifolds comes from different reduction 
procedures. One of these procedures is the classical Cartan symplectic reduction process: // 
(M, uj) is a symplectic manifold and i : C — > M is a coisotropic submanifold of M such that its 
characteristic foliation T = kev(i*uj) is simple, then the quotient manifold tt : C — > C/J- carries 
a unique symplectic structure ui r such that Tr*(u r ) = i*(ui). 

A particular situation of it is the well-known Marsden-Weinstein reduction in the presence 
of a G-equivariant momentum map |18| . In fact, in [7] it has been proved that, under mild 
assumptions, one can obtain any symplectic manifold as a result of applying a Cartan reduction 
of the canonical symplectic structure on M? n . On the other hand, an interesting application 
in Mechanics is the case when we have a Hamiltonian function on the symplectic manifold 



*This paper is a contribution to the Proceedings of the Workshop on Geometric Aspects of Integ- 
rable Systems (July 17-19, 2006, University of Coimbra, Portugal). The full collection is available at 
|http: / /www.emis.de/journals / SIGMA/Coimbra2006.html | 
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satisfying some natural conditions, since one can reduce the Hamiltonian vector field to the 
reduced symplectic manifold and therefore, obtain a reduced Hamiltonian dynamics. 

A category which is closely related to symplectic and Poisson manifolds is that of Lie al- 
gebroids. A Lie algebroid is a notion which unifies tangent bundles and Lie algebras, which 
suggests its relation with Mechanics. In fact, there has been recently a lot of interest in the 
geometric description of Hamiltonian (and Lagrangian) Mechanics on Lie algebroids (see, for 
instance, [8j 111 } \19 \ I21j). An important application of this Hamiltonian Mechanics, which also 
comes from reduction, is the following one: if we consider a principal G-bundle tt : Q — > M 
then one can prove that the solutions of the Hamilton-Poincare equations for a G-invariant 
Hamiltonian function H : T*Q — >• R are just the solutions of the Hamilton equations for the 
reduced Hamiltonian h : T*Q/G — > R on the dual vector bundle T*Q/G of the Atiyah algebroid 
ttq/g ■ TQ/G R (see [II]). 

Now, given a Lie algebroid ta ■ A — > M, the role of the tangent of the cotangent bundle of 
the configuration manifold is played by ^4-tangent bundle to A*, which is the subset of A x TA* 
given by 

T A A* = {(M £ A x TA*/p A (b) = (Tt a .)(v)}, 

where pa is the anchor map of A and ta* '■ A* — > M is the vector bundle projection of the 
dual bundle A* to A. In this case, T A A* is a Lie algebroid over A*. In fact, it is the pull- 
back Lie algebroid of A along the bundle projection ta* '■ A* — > M in the sense of Higgins 
and Mackenzie [9]. Moreover, T A A* is a symplectic Lie algebroid, that is, it is endowed with 
a nondegenerate and closed 2-section. Symplectic Lie algebroids are a natural generalization of 
symplectic manifolds since, the first example of a symplectic Lie algebroid is the tangent bundle 
of a symplectic manifold. 

The main purpose of this paper is to describe a reduction procedure, analogous to Cartan 
reduction, for a symplectic Lie algebroid in the presence of a Lie subalgebroid and a symmetry 
Lie group. In addition, for Hamiltonian functions which satisfy some invariance properties, it is 
described the process to obtain the reduced Hamiltonian dynamics. 

The paper is organized as follows. In Section 2, we recall the definition of a symplectic Lie 
algebroid and describe several examples which will be useful along the paper. Then, in addition, 
we describe how to obtain Hamilton equations for a symplectic Lie algebroid and a Hamiltonian 
function on it. 

Now, consider a symplectic Lie algebroid ta : A — > M with symplectic 2-section VLa and 
tb ■ B — > N a Lie subalgebroid of A. Then, in Section 3 we obtain our main result. Suppose 
that a Lie group G acts properly and free on B by vector bundle automorphisms. Then, if 
£Ib is the restriction to B of £Ia, we obtain conditions for which the reduced vector bundle 
Tg : B = (B / ker Qb)/G — ► N/G is a symplectic Lie algebroid. In addition, if we have a Hamil- 
tonian function Hm '■ M — > R we obtain, under some mild hypotheses, reduced Hamiltonian 
dynamics. 

In the particular case when the Lie algebroid is the tangent bundle of a symplectic manifold, 
our reduction procedure is just the well known Cartan symplectic reduction in the presence 
of a symmetry Lie group. This example is shown in Section 4, along with other different 
interesting examples. A particular application of our results is a "symplectic description" of 
the Hamiltonian reduction process by stages in the Poisson setting (see Section 4.3) and the 
reduction of the Lagrange top (see Section 4.4). 

In the last part of the paper, we include an Appendix where we describe how to induce, from 
a Lie algebroid structure on a vector bundle ta ■ A — > M and a linear epimorphism tta '■ A — > A 
over ttm : M — > M, a Lie algebroid structure on A. An equivalent dual version of this result 
was proved in [3]. 
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2 Hamiltonian Mechanics and symplectic Lie algebroids 
2.1 Lie algebroids 

Let A be a vector bundle of rank n over a manifold M of dimension m and t a : A — > M be the 
vector bundle projection. Denote by T(A) the C°°(M)-module of sections of ta ■ A — ► M. A Lie 
algebroid structure ([•,•] a. Pa) on A is a Lie bracket [•, -]a on the space T(^4) and a bundle map 
PA : A — > TM, called i/ie anchor map, such that if we also denote by ^a : r(^4) — > X(M) the 
homomorphism of C°°(M)-modules induced by the anchor map then 

[X,fY] A = f[X,Y] A + p A (X)(f)Y, 

for X,Y £ T(A) and / € C°°(M). The triple (A, [-, -]a,Pa) is called a Lie algebroid over M 
(see [13]). 

If (A, [•, -]a, Pa) is a Lie algebroid over M, then the anchor map p A ■ F(A) — > 3£(M) is 
a homomorphism between the Lie algebras (T(yl), [•, -]a) an d (X(M), [•,•]). 

Trivial examples of Lie algebroids are real Lie algebras of finite dimension and the tangent 
bundle TM of an arbitrary manifold M. Other examples of Lie algebroids are the following 
ones: 

• The Lie algebroid associated with an infinitesimal action. 

Let q be a real Lie algebra of finite dimension and <I> : g — > X(M) an infinitesimal left action 
of q on a manifold M, that is, $ is a R-linear map and 

*(K.^W = -[*(£), fora11 C^es, 

where [-,•]« is the Lie bracket on g. Then, the trivial vector bundle t a '■ A = M x q ^ M admits 
a Lie algebroid structure. The anchor map pa ■ A — > TM of A is given by 

Pa(^,0 = -$(0(z)> for (i,0^xg = A. 

On the other hand, if £ and rj are elements of g then £ and 77 induce constant sections of A 
which we will also denote by £ and r\. Moreover, the Lie bracket [£, rj\ A of £ and 77 in yl is the 
constant section on A induced by [£, rj] g . In other words, 

ie,r?]A = [e,r/] . 

The resultant Lie algebroid is called the Lie algebroid associated with the infinitesimal action <1>. 

Let {£ a } be a basis of g and (x*) be a system of local coordinates on an open subset U of M 
such that 

[f«.&]fl = cjje7> *&*) = *«a£r 

If £ Q : U — > M x q is the map defined by 
£a(aO = (^)£a)) for all x £ U, 

then {£«} is a local basis of sections of the action Lie algebroid. In addition, the corresponding 
local structure functions with respect to (x l ) and {£«} are 

- C a/3> Pa ~ ^a- 

• The Atiyah (gauge) algebroid associated with a principal bundle. 
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Let Tip : P — > M be a principal left G-bundle. Denote by if : G x P — > P the free action 
of G on P and by : G x TP — > TP the tangent action of G on TP. The space TP/G 
of orbits of the action is a vector bundle over the manifold M with vector bundle projection 
t tp \G : TP/G -> P/G ^ M given by 

{ttp\G)([v p }) = [t tp (v p )] = [p], for t; p G T P P, 

rpp : TP — ► P being the canonical projection. A section of the vector bundle ttp\G : TP/G — > 
P/G = M may be identified with a vector field on P which is G-invariant. Thus, using that every 
G-invariant vector field on P is 7rp-projectable on a vector field on M and that the standard Lie 
bracket of two G-invariant vector fields is also a G-invariant vector field, we may induce a Lie 
algebroid structure ([•, -]tp/g, Ptp/g) on the vector bundle r T p|G : TP/G -> P/G = M. The 
Lie algebroid (TP/G, [•, -]tp/g> Ptp/g) ls called the Atiyah (gauge) algebroid associated with the 
principal bundle irp : P — > M (see I13j). 

Let D : TP ^gbea connection in the principal bundle ttp : P — > M and R : TP © TP — > g 
be the curvature of D. We choose a local trivialization of the principal bundle np : P — > M to 
be C/ x G, where [/ is an open subset of M. Suppose that e is the identity element of G, that 
(x l ) are local coordinates on U and that {£ a } is a basis of g. 

Denote by {£„ } the corresponding left-invariant vector fields on G. If 



for x £ U, then the horizontal lift of the vector field A is the vector field onf/xG given by 



dx i J dx i 1 ?a 

Therefore, the vector fields on U x G {e^ = ^7 — Df£%,eb = £,{/} are G-invariant and they 
define a local basis {e^, e^} of T(TP/G). The corresponding local structure functions of ttp/g '■ 
TP/G -> M are 

/nrfc /-ij n (~ia TfO, /~ic /~ic c 7-16 /^c c 

A = Sij, P? = Pa = Pa = (1) 

(for more details, see [11]). 

An important operator associated with a Lie algebroid (A, [•, -JaiPa) ° ver a manifold M is 
the differential d A : T(A k A*) — > T(A k+1 A*) of A which is defined as follows 



d A fi(X Q , ...,X k ) = ^2(-iy PA (X l )(fi(X Q , ...,x h ..., X k )) 

+ ^(-l) i+ V([X,, Xjj A , X Q , . . . , X u . . . , Xj, . . . , x k 



i<j 



for n G T(A fc yl*) and X ,...,X k e T(A). It follows that (d A ) 2 = 0. Note that if A = TM then 
d™ is the standard differential exterior for the manifold M. 

On the other hand, if (A, [•, -]a,Pa) and (A', [•, -Ja'jPA') are Lie algebroids over M and M', 
respectively, then a morphism of vector bundles F : A — > A' is a Lie algebroid morphism if 



d A (F*<P') = F*(d A ' (/)'), for </>' G r(A fc (j4')*). 



(2) 
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Note that F*(f>' is the section of the vector bundle A k A* — > M defined by 

(FY )*(ai, . . . , o fc ) = 4>' f{x) {F{ ai ), F(a k )), 

for x G M and 01, . . . , a& G A, where / : M — > M' is the mapping associated with F between M 
and M' . We remark that ([2]) holds if and only if 

d A (g' o /) = F*(d A ' g'), for <?' G C 00 (M / ), 

d A (FV) = F*(d A 'a'), for a' G r((i')*). (3) 

This definition of a Lie algebroid morphism is equivalent of the original one given in [9] . 

If M = M' and / = id : M — > M then it is easy to prove that F is a Lie algebroid morphism 
if and only if 

FIX,Y] A = \F X, FY J a', P a>(FX) = p A (X), 

for X,Y G F(A). 

If F is a Lie algebroid morphism, / is an injective immersion and F is also injective, then 
the Lie algebroid (A, [■, -JaiPa) is a Lie subalgebroid of (A', [-, -Ja'jPA')- 

2.2 Symplectic Lie algebroids 

Let (A, [•, •] j 4)/ 3 a) be a Lie algebroid over a manifold M. Then A is said to be a symplectic 
Lie algebroid if there exists a section fi^ of the vector bundle A 2 A* — ► M such that f^A is 
nondegenerate and d^fi^ = (see [H]). The first example of a symplectic Lie algebroid is the 
tangent bundle of a symplectic manifold. 

It is clear that the rank of a symplectic Lie algebroid A is even. Moreover, if / G C°°{M) 
one may introduce the Hamiltonian section 7i^ A G T(A) of f with respect to Q A which is 
characterized by the following condition 

i(n° A )n A = d A f. (4) 

On the other hand, the map t>n A : — > T(A*) given by 

\>n A {x) =i(x)n A , for ier(4 

is an isomorphism of C°°(M)-modules. Thus, one may define a section IIq a of the vector bundle 
A 2 A — > A as follows 

IIn A (a )/ 9) = n A (bni(a),bniC9)) J for a,/3er(4*). 

IIf7 A is a triangular matrix for the Lie algebroid ^4 (IIq a is an A-Poisson bivector field on the 
Lie algebroid A in the terminology of [2]) and the pair (A, A*) is a triangular Lie bialgebroid in 
the sense of Mackenzie and Xu |14j . Therefore, the base space M admits a Poisson structure, 
that is, a bracket of functions 

{-, -} M : C°°(M) x C°°(M) -► C°°(M) 

which satisfies the following properties: 

1- {") ~}m is M-bilinear and skew-symmetric; 

2. It is a derivation in each argument with respect to the standard product of functions, i.e., 



{ff',g}M = f{f',g}M + f{f,g}M; 
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3. It satisfies the Jacobi identity, that is, 

{/, {g, h} M }M + {g, {h, /}m}m + {h, {/, 9}m}m = 0. 

In fact, we have that 

{f,g}M = n A (Hf\H% A ), for f,geC°°(M). (5) 

Using the Poisson bracket {•, - }m one may consider the Hamiltonian vector field of a real 
function / G C°°(M) as the vector field H { f ' }M on M defined by 

ny }M (g) = -{f,g} M , for all g G C°°(M). 

From (jl]) and ([5]), we deduce that pa(H^ a ) = Tt^'^ M . Moreover, the flow of the vector 

field Ti^ ' ^ M on M is covered by a group of 1-parameter automorphisms of A: it is just the 

(infinitesimal flow) of the A- vector field 7i^ A (see [6]). 

A symplectic Lie algebroid may be associated with an arbitrary Lie algebroid as follows 
(see [I!]). 

Let (A, [-, -J a, Pa) be a Lie algebroid of rank n over a manifold M and ta* '■ A* — > M be the 
vector bundle projection of the dual bundle ^4* to A. Then, we consider the ^4-tangent bundle 
to A* as the subset of A x TA* given by 

T A A* = {(b,v) G i x TA*/p A (b) = (Tt a *)(v)}. 

T A A* is a vector bundle over A* of rank 2n and the vector bundle projection t t aa* '■ T A A* — > A* 
is defined by 

t t a a * (M = tta* («) , for (fe, w) G T A A*. 

A section X of t^-aa* '■ T A A* — > ^4* is said to be projectable if there exists a section X of 
r,4 : A — > M and a vector field S 1 G X(^4*) which is ta* -projectable to the vector field pa{X) 
and such that X(jp) = (X (ta* (p)) , S '(p)) , for all p G A*. For such a projectable section X, we 
will use the following notation X = (X, S). It is easy to prove that one may choose a local basis 
of projectable sections of the space F(T A A*). 

The vector bundle Tj-aa* ■ T A A* — > ^4* admits a Lie algebroid structure ([■, -\r A A*iPr A A*)- 
Indeed, if (X, S) and (Y, T) are projectable sections then 

1(X,S),(Y,T)} t a a * = ([X,Y] A , [S,T]), p t a a *(X,S) = S. 

{T A A*,\-,-\q-AA*,PT A A*) is the A-tangent bundle to A* or the prolongation of A over the 
fibration ta* '■ A* — > M (for more details, see [TT]). 

Moreover, one may introduce a canonical section Qj-aa* of the vector bundle (T A A*)* — > ^4* 
as follows 

e T ^*( 7 )(M=7(&), 

for 7 G j4* and (6, u) G Zy" 4 ^*. G^-a^* is called the Liouville section associated with A and 

Qq-AA* = —d' 1 ' AA Oq-AA* is the canonical symplectic section associated with A. £I t aa* is a sym- 
plectic section for the Lie algebroid T A A*. 

Therefore, the base space A* admits a Poisson structure {-,-}a* which is characterized by 
the following conditions 

{f °T A *,g°T A *}A* =0, {f ot a *,X} a * = pa(X)(/) ot A *, 
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{X,Y} A * = -{X,Yj A , 

for f,g G C°°(M) and X, Y 6 Here, Z denotes the linear function on A* induced by 

a section Z G T(j4). The Poisson structure {-, -} A * is called the canonical linear Poisson structure 
on A* associated with the Lie algebroid A. 

Next, suppose that (x l ) are local coordinates on an open subset U of M and that {e a } 
is a local basis of T(A) on U. Denote by (x l ,y a ) the corresponding local coordinates on A* 
and by p l a , C^p the local structure functions of A with respect to the coordinates (x l ) and 
to the basis {e a }. Then, we may consider the local sections {X a ,V a } of the vector bundle 
t t a a , : T A A* — > A* given by 

Xa= (e a o TA *,pi^), V a =(o, 



' dx l J \ dy a t 

We have that {X a ,V a } is a local basis of T{T A A*) and 

{X a , Xp} T A A * = CZpXy, {X a ,V%A A * = {V*,V%a a * = 0, 
P T * A *(X a ) = p l a — , PrA A ,{V a ) 



e T A A , = Va x a , q t a a * =x a AV a + \cip Vl x a a x?, 



{X a ,V a } being the dual basis of {X a ,V a }. Moreover, if H, H ' : A* — > R are real functions 
on A* it follows that 



. , dH dH> rn f dHOH' dHdH' \ 

i">" M» - ^ Qyp C^y, + ^ ^ g ^ gxi J p a , 

Hh ~ dy a [P* 9x i + C ^ dyJ V > 
H " 9y a Pa cV V " 9^ a/? 7 dyp J dy a ' 



(6) 



(for more details, see pTj). 
Example 1. 

1. If A is the standard Lie algebroid TM then T A A* = T(T*M), Q. t a a , is the canonical 
symplectic structure on A* =T*M and {•, -}t*m is the canonical Poisson bracket on T*M 
induced by £lq-A A * . 

2. If A is the Lie algebroid associated with an infinitesimal action $ : q — > X(M) of a Lie 
algebra on a manifold M (see Section [2.ip . then the Lie algebroid T A A* — ► A* may be 
identified with the trivial vector bundle 

(M x *) x ( x g*) -» M x 5* 

and, under this identification, the canonical symplectic section £1<j-a a * is given by 

Q TAA * (x, a)((£, /?), (£', /?')) = - 0(0 + 0* 

for (x, a) £ 4' = M x 5* and (£, /?), (£',/?') G g x 0*, where [•, -] is the Lie bracket on 0. 

The anchor map p T A A * : (M x 0*) x (0 x 0*) -> T(M x 0*) ^ TM x (0* x 0*) of the 
A-tangent bundle to A* is 



a a* ((*, a), (£, /?)) = (-$(0(x), a, /3) 
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and the Lie bracket of two constant sections (£, f3) and (£',/?') is just the constant section 

(K,a,o). 

Note that in the particular case when M is a single point (that is, A is the real algebra g) 
then the linear Poisson bracket {•, on g* is just the (minus) Lie-Poisson bracket induced 
by the Lie algebra g. 

3. Let np : P — > M be a principal G-bundle and A = TP/G be the Atiyah algebroid 
associated with irp : P — > M. Then, the cotangent bundle T*P to P is the total space 
of a principal G-bundle over A* ^ T*P/G and the Lie algebroid T A A* may be identified 
with the Atiyah algebroid T{T*P)/G — > T*P/G associated with this principal G-bundle 
(see Moreover, the canonical symplectic structure on T*P is G-invariant and it 

induces a symplectic section on the Atiyah algebroid T(T*P)/G — > T*P/G. Q, is just 
the canonical symplectic section of T 4 ^* ^ T(T*P)/G -> ^4* = T*P/G. Finally, the 
linear Poisson bracket on ^4* = T*P/G is characterized by the following property: if on 
T*P we consider the Poisson bracket induced by the canonical symplectic structure then 
the canonical projection 7Tt*p : T*P — > T*P/G is a Poisson morphism. 

We remark that, using a connection in the principal G-bundle np : P — ► M, the space 
A* = T*P/G may be identified with the Whitney sum IF = T*M ® M fl*, where g* is the 
coadjoint bundle associated with the principal bundle Tip : P — > M. In addition, under the 
above identification, the Poisson bracket on A* = T*P/G is just the so-called Weinstein 
space Poisson bracket (for more details, see [20]). 



2.3 Hamilton equations and symplectic Lie algebroids 

Let A be a Lie algebroid over a manifold M and Qa be a symplectic section of A. Then, as we 
know, induces a Poisson bracket {•, -}m on M. 

A Hamiltonian function for A is a real G°°-function H : M — ► R on M. If H is a Hamiltonian 
function one may consider the Hamiltonian section Ti.^ A of H with respect to Q,a an d the 
Hamiltonian vector field 7i\j ^ M of H with respect to the Poisson bracket {-, -}m on M. 

The solutions of the Hamilton equations for H in A are just the integral curves of the vector 
field H { h '' }m . 

Now, suppose that our symplectic Lie algebroid is the A-tangent bundle to A* , T A A* , where 
A is an arbitrary Lie algebroid. As we know, the base space of T A A* is A* and the corresponding 
Poisson bracket {•, -}a* on A* is just the canonical linear Poisson bracket on A* associated with 
the Lie algebroid A. Thus, if H : A* — > R is a Hamiltonian function for T A A*, we have that the 
solutions of the Hamilton equations for H in T A A* (or simply, the solutions of the Hamilton 
equations for H) are the integral curves of the Hamiltonian vector field Ti^ (see 

If (x l ) is a system of local coordinates on an open subset U of M and {e a } is a local ba- 
sis of T(A) on U, we may consider the corresponding system of local coordinates (x z ,y a ) on 
rj* (U) C A*. In addition, using ([6]), we deduce that a curve t — ► (x l (t),y a (t)) on rj» (C7) is 
a solution of the Hamilton equations for H if and only if 

dx l _ j dy Q _ / 7 dH i dH\ 

~dt~ Pa ~dx~i' ^''y^w^^d^)' (j 

(see HU). 
Example 2. 

1. Let A be the Lie algebroid associated with an infinitesimal action $ : g — > X(M) of a Lie 
algebra g on the manifold M. If : ^4* = M x g* — > R is a Hamiltonian function, is 
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a basis of g and (x l ) is a system of local coordinates on M such that 

• d 

then the curve i — ► (x l (t),y a (t)) on A* = M x g* is a solution of the Hamilton equations 
for P if and only if 

dt ~ "dx*' HT ~~\ c ^ Vl d^ + Q &?y' 

Note that if M is a single point (that is, A is the Lie algebra g) then the above equations are 
just the (minus) Lie-Poisson equations on g* for the Hamiltonian function H : g* — ► R. 

2. Let ttp : P — ► M be a principal G-bundle, P : TP — > g be a principal connection and 
R : TP © TP — > g be the curvature of -D. We choose a local trivialization of the principal 
bundle np : P — ► M to be U x G, where C/ is an open subset of M. Suppose that 
(x l ) are local coordinates on U and that {£ a } is a basis of g such that [^ a ,Cfe]g = c ab£c- 
Denote by Df (respectively, P? ) the components of D (respectively, P) with respect to 
the coordinates (x 1 ) and to the basis {£ a } and by (x l ,y a = Pi,p a ) the corresponding local 
coordinates on A* ^ T*P/G (see Section [2TTjl . If h : T*P/G -> R is a Hamiltonian 
function and c : f (x 1 (t) , Pi(t) , p a (t)) is a curve on A* = T*P/G then, using (HJ and ©, 
we conclude that c is a solution of the Hamilton equations for h if and only if 

dx l dh dpi dh _ dh c b _ dh 

~aJ = dp~> ~tt = ~d^ + Ri i Pa dp~ J ~ Cab Wa 
d P- _ r c D b- 9h dh 

These equations are just the Hamilton-Poincare equations associated with the G-invariant 
Hamiltonian function H = hoir^p, ttt*p ■ T*P — » T*P/G being the canonical projection 
(see HU). 

Note that in the particular case when G is the trivial Lie group, equations (JSj) reduce to 

dx % dh dpi dh 
dt dpi ' dt dx % ' 
which are the classical Hamilton equations for the Hamiltonian function h : T* P=T* M — >R. 

3 Reduction of the Hamiltonian dynamics on a symplectic Lie 
algebroid by a Lie subalgebroid and a symmetry Lie group 

3.1 Reduction of the symplectic Lie algebroid 

Let A be a Lie algebroid over a manifold M and £Ia be a symplectic section of A. In addition, 
suppose that B is a Lie subalgebroid over the submanifold N of M and denote by ip '■ B — > A the 
corresponding monomorphism of Lie algebroids. The following commutative diagram illustrates 
the above situation 

is 

B A 

TB 

i TV 

N M 
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CI a induces, in a natural way, a section CIb of the real vector bundle A 2 B* — > N. In fact, 
CIb = i*B^A- 

Since i B is a Lie algebroid morphism, it follows that 



d B n 



B 



0. 



(9) 



However, CIb is not, in general, nondegenerate. In other words, CIb is a presymplectic section 
of the Lie subalgebroid tb ■ B — > N . 

For every point x of N, we will denote by ker CIb( x ) the vector subspace of B x defined by 

kerfl B (x) = {a x € B x /i(a x )Cl B (x) = 0} C B^. 

In what follows, we u>iZZ assume that the dimension of the subspace ker CIb(x) is constant, for 
all x 6 N. Thus, the space B/ ker CIb is a quotient vector bundle over the submanifold N. 

Moreover, we may consider the vector subbundle ker CIb of B whose fiber over the point 
x 6 N is the vector space kerfi^x). In addition, we have that: 

Lemma 1. ker CIb is a Lie subalgebroid over N of B. 
Proof. It is sufficient to prove that 

X,Y E T(kerCl B ) => [X,Y} B G T(kerCl B ), 

where [•, -}b is the Lie bracket on T(B). 
Now, using ©, it follows that (JTDD holds. 



(10) 



Next, we will suppose that there is a proper and free action ^ : G x B — > B of a Lie group G 
on B by vector bundle automorphisms. Then, the following conditions are satisfied: 

CI) iV is the total space of a principal G-bundle over N with principal bundle projection 
7r/v '■ N — > N = N/G and we will denote by ip : G x iV — > N the corresponding free action 
of G on N. 

C2) fyg : B — > B is a vector bundle isomorphism over ip g : N ^ N, for all g £ G. 
The following commutative diagram illustrates the above situation 




In such a case, the action \t of the Lie group G on the presymplectic Lie algebroid (B, CIb) 
is said to be presymplectic if 



%ci B = ci B , 



for all g £ G. 
Now, we will prove the following result. 



(11) 
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Theorem 1. Let : G x B — > B be a presymplectic action of the Lie group G on the presym- 
plectic Lie algebroid (B,£Ib)- Then, the action of G on B induces an action of G on the quotient 
vector bundle B/kex^B such that: 

a) The space of orbits B = (S/ker VLb)/G of this action is a vector bundle over N = N/G 
and the diagram 



B 



ttb 



B = (B/kern B )/G 



N 



' B 



N = N/G 



defines an epimorphism of vector bundles, where ttb ■ B — > B is the canonical projection. 

b) There exists a unique section Clg of A 2 B* — > N such that 

ttb^b = 

c) £lg is nondegenerate. 

Proof. If g G G and x G M then ty g : B x — » B^ is a linear isomorphism and 

^ 9 (kerO B (x)) =kern B (4> 9 (x)). 

Thus, * induces an action $ : G x {B/kexQ, B ) — > (B/kerU B ) of G on B/kei£l B and $ 9 
is a vector bundle isomorphism, for all g G G. Moreover, the canonical projection 7Tb : 5 — > 
S/kerfi^ is equivariant with respect to the actions and 

On the other hand, the vector bundle projection T B /kcrn B '■ B/kev^B —> N is also equivariant 
with respect to the action ^. Consequently, it induces a smooth map : B = (B/ker Qb)/G — » 
A" = iV/G such that the following diagram is commutative 



5/kerft B - 



B = (B/kevQ B )/G 



T B/ ker Q B 



N 



7T N 



N = N/G 



Now, if x G N then, using that the action tp is free, we deduce that the map TTB x /kerQ B (x) '■ 
B x / ker £Ib{x) — > t~ 1 (7Tat(x)) is bijective. Thus, one may introduce a vector space structure on 

B 

t~ 1 (7Tat(x)) in such a way that the map ^B x /kerQ B (x) '■ B x / ker £Ib(x) — > t^ 1 {ttn{x)) is a linear 
isomorphism. Furthermore, if n N (y) = tt n (x) then n By /kern B (y) = ^B x /keiQ B (x) ° X - 

Therefore, B is a vector bundle over A" with vector bundle projection : B — > A" and if 
x G A" then the fiber of -B over ttn{x) is isomorphic to the vector space -B x / ker fis(x). This 
proves a). 

On the other hand, it is clear that the section Q# induces a section £l(B/kern B ) °f the vector 
bundle A 2 (5/ker Qb) - » N which is characterized by the condition 



^(^(B/kerfis)) — ^B- 



(12) 
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Then, using (fTTj) and (fT2|) . we deduce that the section Q(B/kern B ) is G-invariant, that is, 

%(tt(B/kcrn B )) = ^(B/kcrQ B ), for all g G G. 
Thus, there exists a unique section of the vector bundle A 2 B* — > A such that 

^B/kerns^s) = ^(B/kcrCs)- (13) 

This proves 6) (note that ttb = ^B/kcrn B ° 71 b)- 

Now, using (fT2|) and the fact ker7re = ker 17b, it follows that the section ^(£/kcrn s ) is 
nondegenerate. Therefore, from (|13p . we conclude that is also nondegenerate (note that if 
x G M then ^B/korn B '■ B x / ker Ob(x) — > B WN ( X \ is a linear isomorphism). ■ 

Next, we will describe the space of sections of -B = (_B/ker Qb)/G. For this purpose, we will 
use some results contained in the Appendix of this paper. 

Let r(B)~ g be the space of 7TB-projectable sections of the vector bundle tb '■ B — > A. As we 
know (see the Appendix), a section A of tb '■ B — > N is said to be 7TB-projectable if there exists 
a section ttb(X) of the vector bundle : -B — > A such that ttb ° X = ttb(X) o ir^. Thus, it is 
clear that X is 7rs-projectable if and only if ttb o X is a 7T( B / kcr ^ s )-projectable section. 

On the other hand, it is easy to prove that the section ttb ° A is 7T( B / ker Q s )-projectable if 
and only if it is G-invariant. In other words, (ttb oX) is 7T(^/i C crn s )"P ro j ec table if and only if for 
every g G G there exists Y g £ T(ker 7Tb) such that $ 9 oI = (X + Y^) o where ip : G x A — ► A 
is the corresponding free action of G on A. Note that 

ker ttb = ker ttb = ker £Ib (14) 

and therefore, the above facts, imply that 

V{B% b = {X G r(£)/V 5 G G, 3 Y" 9 G r(ker fi B ) and V g oX = (X + Y g )o ^}. (15) 

Consequently, using some results of the Appendix (see (|A.2[) in the Appendix), we deduce 
that 

~ {X G rCgVVg G G, 3Y g G r(ker Q B ) and fr g o A = (A + Y g ) o 
1 j r(kerf2 B ) 

as G°°(A)-modules. 

Moreover, we may prove the following result 

Theorem 2 (The reduced symplectic Lie algebroid). Let ^ : Gx B ^ B be a presympletic 
action of the Lie group G on the Lie algebroid (B,£Ib)- Then, the reduced vector bundle : 
B = (B / ker Qb)/G — > A = A/G admits a unique Lie algebroid structure such that ttb '■ B — > B 
is a Lie algebroid epimorphism if and only if the following conditions hold: 

i) The space T(B)~ b is a Lie subalgebra of the Lie algebra (T(B), [•, -] B ). 

ii) r(kerJ7s) is an ideal of this Lie subalgebra. 

Furthermore, if the conditions i) and ii) hold, we get that there exists a short exact sequence 
of Lie algebroids 

-> keiQ, B -> B -> B -> 

and that the nondegenerate section induces a symplectic structure on the Lie algebroid : 
B -» A. 
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Proof. The first part of the Theorem follows from (|14p . (|15p and Theorem lA.ll in the Appendix. 

On the other hand, if the conditions i) and ii) in the Theorem hold then, using Theorem [T] 
and the fact that ttb is a Lie algebroid epimorphism, we obtain that 

r B (d*n s ) = o, 

which implies that d B £lg = 0. ■ 

Note that if G is the trivial group, the condition ii) of Theorem [2] is satisfied and if only if 
r(ker VLb) is an ideal of T(B). 

Finally, we deduce the following corollary 

Corollary 1. Let \l/ : G x B — > B be a presymplectic action of the Lie group G on the presym- 
plectic Lie algebroid (B,Qb) and suppose that: 

i) fy g : B — > B is a Lie algebroid isomorphism, for all g G G. 
ii) If X G T(B)~ and Y G r(kerQ^), we have that 

{X,Y] B er(kertt B ). 

Then, the reduced vector bundle : B — > N admits a unique Lie algebroid structure such that 
ttb '■ B — > B is a Lie algebroid epimorphism. Moreover, the nondegenerate section fi^ induces 
a symplectic structure on the Lie algebroid : B — > A '. 

Proof. If X, F G T{B) p ~ b then 

^>g° X = (X + Z g ) o W V g oY = (Y + W g )o for all g G G, 

where W s G r(ker Qb) and t/? 9 : A — > A is the diffeomorphism associated with ^ g : B ^ B. 
Thus, using the fact that ^ g is a Lie algebroid isomorphism, it follows that 

V g o [A, Y} B o %-i = {X + Z g ,Y + W g j B , for all g G G. 

Therefore, from condition ii) in the corollary, we deduce that 

V g o [A, YJ B o V s -i - F] B G T(ker Sl B ), for all p G G, 

which implies that [A, YJb £ . This proves that T(B)~ is a Lie subalgebra of the Lie 

algebra (r(B),[ v ] B ). ■ 

3.2 Reduction of the Hamiltonian dynamics 

Let A be a Lie algebroid over a manifold M and $7^4 be a symplectic section of A. In addition, 
suppose that B is a Lie subalgebroid of A over the submanifold N of M and that G is a Lie group 
such that one may construct the symplectic reduction : B = (B / ker Og)/G — > A = A/G 
of A by S and G as in Section 13.11 (see Theorem [2]) . 

We will also assume that B and A are subsets of A and M, respectively (that is, the corre- 
sponding immersions i B ■ B — > A and in '■ A — > M are the canonical inclusions), and that A is 
a closed submanifold. 

Theorem 3 (The reduction of the Hamiltonian dynamics). Let Hm '■ M — >- R be a Hami- 
tonian function for the symplectic Lie algebroid A such that: 

i) The restriction Hn of Hm to N is G -invariant and 
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ii) IfTL H A M is the Hamiltonian section of Hm with respect to the symplectic section Qa, we 
have that H^ A M {N) C B. 

Then: 

a) if/v induces a real function : N — > R such that H^ o ir^ = H^. 

b) The restriction ofTt H A to N is TTs-projectable over the Hamiltonian section of the function 
Hjy with respect to the reduced symplectic structure Q^ and 

c) If 7 : / — ► M is a solution of the Hamilton equations for Hm in the symplectic Lie 
algebroid (A, Qa) such that 7(io) £ N, for some to 6 I, then 7(1) C N and itn °7 '■ I —> N 
is a solution of the Hamilton equations for H^ in the symplectic Lie algebroid (B,Q^). 

Proof, a) Using that the function Hn is G-invariant, we deduce a). 

b) If x £ N and a x € B x then, since tt b Q^ = Qb (see Theorem [2]) , 7ijj A (N) C B and 
tb '■ B — > N is a Lie subalgebroid of A, we have that 

(i^fl^^)))^^^))^^))) = (d B H N )(x)(a x ). 

Thus, using that ttb is a Lie algebroid epimorphism and the fact that H^ o -zttv = -£?tv, it follows 
that 

(i^ B (n% A Jx)))n s (n N (x)))^ B (a x ))) = {d S H^ N {x))(jt B {a x )) 

= m%^N{x)))Q n ^ N {x)W B {a x ))). 

This implies that 

%B(H% A Jx))=H n H l(7r N (x)). 

c) Using b), we deduce that the vector field Pb{{7~(-% a m )\n) is vrjv-projectable on the vector field 
Pb^-h- ) * s a consequence of the equality PgOn B = Tir^ o p B ). This proves c). Note that N 
is closed and that the integral curves of AbCC^j^ )|j\r) (respectively, p^iji-^.)) are the solutions 
of the Hamilton equations for iJjvf in ^4 (respectively, for Zf^ in U) with initial condition in N 
(respectively, in N). ■ 



4 Examples and applications 

4.1 Cartan symplectic reduction in the presence of a symmetry Lie group 

Let M be a symplectic manifold with symplectic 2- form Qtm- Suppose that N is a sub manifold 
of M, that G is a Lie group and that N is the total space of a principal G-bundle over N = N/G. 
We will denote ip : G x N ^ N the free action of G on N, by 7Ttv : N —> N = N/G the principal 
bundle projection and by Qtn the 2-form on N given by 

Qtn = i*N^TM- 

Here, i^ : N — > M is the canonical inclusion. 

Proposition 1. 7f i/ie vertical bundle to tin is the kernel of the 2-form Qtn, that is, 

V-kn = ker Qtn, (16) 
then there exists a unique symplectic 2-form Qt(n/g) on N = N/G such that ^Qt(n/G) = ^tn- 
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Proof. We will prove the result using Theorem Q] and Corollary [TJ In fact, we apply Theorem [T] 
to the followings elements: 

• The standard symplectic Lie algebroid ttm ■ TM — » M, 

• The Lie subalgebroid of TM, ttn '■ TN — » N and 

• The presymplectic action Tip : G x TN — > TN, i.e., the tangent lift of the action ip of G 
on N. 

The corresponding reduced vector bundle (TN = (TN/ker Qtn)/G, ^^n) is isomorphic to 
the tangent bundle T(N/G) in a natural way. 

On the other hand, it is well-known that the Lie bracket of a 7T7v-projectable vector field and 
a 7T7v-vertical vector field is a 7T/v-vertical vector field. Therefore, we may use Corollary Q] and we 
deduce that the symplectic vector bundle : TN — ► TV = Nf G admits a unique Lie algebroid 

structure such that the canonical projection tttn ■ TN — > TN is a Lie algebroid epimorphism. 
In addition, Qfj^ is a symplectic section of the Lie algebroid t^tc, : TN — > iV = iV/G. 

Finally, under the identification between the vector bundles TiV and T(N/G), one may see 
that the resultant Lie algebroid structure on the vector bundle t T ( N / g ^ : T(N/G) — > N/G is the 
just standard Lie algebroid structure. ■ 

Remark 1. The reduction process described in Proposition Q] is just the classical Cartan sym- 
plectic reduction process (see, for example, [20]) for the particular case when the kernel of the 
presymplectic 2-form on the submanifold TV of the original symplectic manifold is just the union 
of the tangent spaces of the G-orbits associated with a principal G-bundle with total space N. 

Now, assume that the submanifold N is closed. Then, using Theorem [31 we may prove the 
following result: 

Corollary 2. Let Hm '■ M — >- R be a Hamiltonian function on the symplectic manifold M such 
that: 

1. The restriction Hn of to N is G-invariant and 

2. The restriction to N of the Hamiltonian vector field H^^ 1 of Hm with respect to Q-tm is 
tangent to N. 

Then: 

a) Hjy induces a real function H^ : N = N/G — > R such that H^ o 717^ = H^; 

b) The vector field (J~(-h^ m )\n on N is it n -protectable on the Hamiltonian vector field of H^ 
with respect to the reduced symplectic 2-form £It(N/G) on N/G and 

c) IfjiI—tMisa solution of the Hamiltonian equations for Hm in the symplectic manifold 
(M,Qtm) such that 7(io) £ N, for some to € then 7(1) C N and ttn o 7 : I — > N is 
a solution of the Hamiltonian equations for H^ in the symplectic manifold (N,Q^). 

4.2 Symplectic reduction of symplectic Lie algebroids by Lie subalgebroids 

Let A be a symplectic Lie algebroid over the manifold M with symplectic section and B be 
a Lie subalgebroid of A over the submanifold N of M. 

Denote by ([•, -}b,Pb) the Lie algebroid structure of B and by £Ib the presymplectic section 
on B given by 

Vt B = i* B ^A, 
where i B '■ B —> A is the canonical inclusion. 
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As in Section 2, we will assume that the dimension of the subspace kerO#(x) is constant, 
for all x S N. Then, one may consider the vector bundle r^ eT Q B : kerO# — > N which is a Lie 
subalgebroid of the Lie algebroid tb ■ B — > N. 

Corollary 3. If the space r(ker 0#) is an ideal of the Lie algebra (T(B), [-, •]#) then the quotient 
vector bundle TB/k CI n B '■ B = B/kerQs —* N admits a unique Lie algebroid structure such that 
the canonical projection ttb : B — > B = B /kerO^ is a Lie algebroid epimorphism over the 
identity Id : N — > N of N . Moreover, there exists a unique symplectic section O^; on the Lie 

algebroid : B — > N which satisfies the condition 
tt b ^b = ^B- 

Proof. It follows using Theorem [2] (in this case, G is the trivial Lie group G = {e}). ■ 

Next, we will consider the particular case when the manifold M is a single point. 

Corollary 4. Let (q, [•, -] s ) be a symplectic Lie algebra of finite dimension with symplectic 2- 
form fi 8 : g x g -> 1. If fj is a Lie subalgebra of g, fih : f) x f) — > R is the restriction of Q s to 
x fj and ker Of, is an ideal of the Lie algebra (f), [•, ■](,) then: 

1. The quotient vector space \) = f)/kerO(j admits a unique Lie algebra structure such that 
the canonical projection 7Tf, : fj — > f) = f)/kerf)f, is a Lie algebra epimorphism and 

2. There exists a unique symplectic 2-form Or : f) x rj — > R on f) which satisfies the condition 

7rj*Or = Of,. 

Proof. From Corollary [3] we deduce the result. ■ 

The symplectic Lie algebra (fj, Or) is called the symplectic reduction of the Lie algebra (q, O ) 
by the Lie subalgebra fj. 

This reduction process of symplectic Lie algebras plays an important role in the description 
of symplectic Lie groups (see, for instance, [5]). 

4.3 Reduction of a symplectic Lie algebroid by a symplectic Lie subalgebroid 
and a symmetry Lie group 

Let A be a symplectic Lie algebroid over the manifold M with symplectic section 0^4 and B be 
a Lie subalgebroid of A over the submanifold N of M. 

Denote by ([•, ■]#, ps) the Lie algebroid structure on B and by Ob the presymplectic section 
on B given by 

B = i* B ^A, 

where is ■ B — ► A is the canonical inclusion. 

We will assume that 0^ is nondegenerate. Thus, 0# is a symplectic section on the Lie 
subalgebroid tb '■ B — > N and kerO#(:r) = {0}, for all x € N. 

Corollary 5. Let \P : G x B — > B be a symplectic action of the Lie group G on the symplectic 
Lie algebroid (B,Qb) such that the space T(B) G of G -invariant sections of B, 

F(B) G = {X G T{B)/H! g o X = X o if, g , for all g £ G} 

is a Lie subalgebra of (T(B), [•, where tp : G x N — > N the corresponding action on N. 
Then: 
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1. The quotient vector bundle : B = B/G — > N = N/G admits a unique Lie algebroid 
structure such that the canonical projection ttb '■ B — > B is a Lie algebroid epimorphism 
and 

2. There exists a unique symplectic structure on the Lie algebroid : B — > N such that 

Proof. It follows using Theorem [2j ■ 

Remark 2. Let A be a Lie algebroid over a manifold M with Lie algebroid structure ([-, -}a, Pa) 
and vector bundle projection ta ■ A — > M. 

Suppose that we have a principal action if) : G x M — > M of the Lie group G on M and an 
action VP iGxyl^^lofGon^ such that ta '■ A — > M is G-equivariant and ^ is a Lie algebroid 
action. 

Then, we may consider the quotient vector bundle A/G over M/G. In fact, the canonical 
projection tta '■ A — > ^4/G is a vector bundle morphism and (71^4)^ : ~~ * {■^■/G)t Tm { x ) 1S 
a linear isomorphism, for all x G M. As we know, the space Y{A/G) of sections of the vector 
bundle ta/g '• A/G — ► M/G may be identified with the set r(A) G of G-invariant sections of A 
that is, 

r(A/G) s r(A) G = {ie r(A)/* fl oi = io^, v 9 eG}. 

Now, if g G G and 1,7 s r(A) G then, since VE^ is a Lie algebroid morphism, we deduce that 

* g olX,Y}Aoi/> g -i = \y g oXoi> g -,^ g oYo^ g -4 A = \X,Y\ A , 

i.e., [X,y] A G T(A) G . Thus, T(A) G is a Lie subalgebra of (T(A), [•, -}a) and therefore, using 
Theorem I A. II (see Appendix), it follows that the quotient vector bundle A/G admits a unique 
Lie algebroid structure such that n A is a Lie algebroid morphism. 

Next, we will apply Corollary [5] to the following example. 

Example 3. Let A be a Lie algebroid over a manifold M and G be a Lie group as in Remark [2 
Note that the action \P of G on A is principal and it induces an action VP* of G on A* which is 
also principal. In fact, VP* = VP* 1, where VP* 1 is the dual map of Vl* -1 : ^4 — > A The space 
A*/G of orbits of this action is a quotient vector bundle over M/G which is isomorphic to the 
dual vector bundle to ta/g '■ A/G —> M/G. Moreover, the canonical projection tta* ■ A — > A* /G 
is a vector bundle morphism and (tta*)\a* '■ A* x — > (A* /G) 7rM ( x \ is a linear isomorphism, for all 
x G M. 

Now, we consider the action T*\P of G on the Atangent bundle to A*, T A A*, given by 
T*V(g, (a x ,X ax )) = ^ g (a x ),(T ax ¥ g ^)(X a J), 

for g G G and (a x ,X ax ) £T A x A*. Since ^ g and T^* _! are Lie algebroid isomorphisms, we have 
that T g *fy is also a Lie algebroid isomorphism. Therefore, from Remark [2j we have that the 
space 

T(T A A*) G = {X G r(T A A*)/T*V oX = Xo Vg G G} 

of G-invariant sections of Tq-A A * ■ T A A* — > A* is a Lie subalgebra of the Lie algebra (T(/T A A*), 
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In addition, if ®q-A A * G F((T A*)*) is the Liouville section associated with A, it is easy to 
prove that 

(T;^)*(G t a a = & t a a *, for all geG. 

Thus, if Q t a a * G T(A 2 (T A A*)*) is the canonical symplectic section associated with A, it follows 
that 

(T*y)*(n T A A *) = n T A A *, for all g G G. 

This implies that T*^> is a symplectic action of G on T A A*. Consequently, using Corollary [51 
we deduce that the quotient vector bundle t^a a *iq : T A A*/G — > A*/G admits a unique Lie 
algebroid structure such that the canonical projection irq-A A * : T A A* — > 7" A j4*/G is a Lie 
algebroid epimorphism. Moreover, there exists a unique symplectic structure Q(t a a*)/g on the 
Lie algebroid t (t a a , )/g : (T A A*)/G -> A*/G such that 

7r^ Aj 4«(^(T- 4 A*)/G) = tt T A A *. 

Next, we will prove that the symplectic Lie algebroid (T A A* /G, Q(t a a*)/g) ^ s isomorphic to 
the ^4/G-tangent bundle to A*/G. For this purpose, we will introduce the map (tt a ,Ttta*) ■ 
T A A* -> T A / G {A*/G) defined by 

(tt a , Ttt a * )(a x , X ax ) = (ir A (a x ), (T ax ti a * ) (X ax ) ) , for (a x , X ax ) £ T^4*. 

We have that (ir A ,Tir A *) is a vector bundle morphism. Furthermore, if (ffli,X a Je ^^^4* an d 

= {TT A ,T-K A *)(a x ,X ax ) 

then a x = and, therefore, X ax € T ax A* and (T ax 7r A *)(X ax ) = 0. But, as (tta*)\a* '■ A* — > 
(A* /G)k m (x) is a linear isomorphism, we conclude that X ax = 0. Thus, (tt a ,Ttt a *)^a a * : 

T A x A* -> T^,JA*/G) is a linear isomorphism (note that dim 7^ A* = dimT^f, (A*/G)). 

On the other hand, using that tta (respectively, Tir A *) is a Lie algebroid morphism between 
the Lie algebroids t a : A — > M and T^/g : A/G — > M/G (respectively, tta* : 7^4* - > ^4* and 
T T(A*/G) '■ T(A*/G) — > A*/G) we deduce that (tta, Tir A *) is also a Lie algebroid morphism M. 

Moreover, if ®t a / g (A* /G) ^ Y(T A I G (A* /G))* is the Liouville section associated with the Lie 
algebroid ta/g : A/G — > M/G, we have that 

(7T vi ,r7r v l»)*(9 r A/G( j4 */G)) = @T A A* 
which implies that 

(■K A ,TlT A *)*(Q, T A/G( A */ G )) = Qq-A A * , 

where ^7- A / G (A*/G) ^ s ^ e canonical symplectic section associated with the Lie algebroid t A /g : 
A/G -f M/G. 

Now, since 71"^ o ^ 9 = ir A and 7Ta* o iff* = tt a * for all g G G, we deduce that the map 

(^ A ,Tvr A ,) : T A A* -> T A / G (A*/G) induces a map (tt^Ttta.) : (T A ,4*)/G -> T A / G (A*/G) 
such that 

(?TA j Ttt a * ) 0^7-44. = (7r,4,r7rA»). 

Finally, using the above results, we obtain that (tt a ,Ttt a *) is a Lie algebroid isomorphism and, 
in addition, 

(tv a ,Ttv a *) ^r A / G {A*/G) = ^{rAA*)/G- 

In conclusion, we have proved that the symplectic Lie algebroids ((T A A*)/G, Q(t a a*)/g) ana ^ 
(T A / G (A* /G), Qq-A/Gf A » /q\) are isomorphic. 
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Next, we will prove the following result. 

Corollary 6. Under the same hypotheses as in Corollary if the submanifold N is closed and 
Hm : M — ► R is a Hamiltonian function for the symplectic Lie algebroid (A, Qa) such that the 
restriction of Hm is G-invariant then: 

1. Hjy induces a real function H^ : N = N/G — > R such that o = H^; 

2. The Hamiltonian section H ff A of Hm in the symplectic Lie algebroid (A,Qa) satisfies the 
condition 

W% A M (N) C B. 

Moreover, (Hjj A )\n * s KB-projectable on the Hamiltonian section of the function H^ with 
respect to the reduced symplectic section JTg and 

3. If 7 : / — > M is a solution of the Hamilton equations for Hm in the symplectic Lie 
algebroid (A, Qa) such that 7(io) € N for some to € I, then 7(1) C N and itn °7 : I —> N 
is a solution of the Hamilton equations for H^ in the symplectic Lie algebroid (B,Q^). 

Proof. Let ~Hjj B be the Hamiltonian section of the Hamiltonian function H^ : iV — > M in the 

symplectic Lie algebroid (B,Qb)- Then, we have that (^4/^)|at=?^ s anc ^' thus, Tt H A (N)CB. 
Therefore, using Theorem [3l we deduce the result. ■ 

Next, we will apply the above results in order to give a "symplectic description" of the 
Hamiltonian reduction process by stages in the Poisson setting. 

This reduction process may be described as follows (see, for instance, [T6l [20] ) . 

Let Q be the total space of a principal Gi-bundle and the configuration space of an standard 
Hamiltonian system with Hamiltonian function H : T*Q — > K. We will assume that H is 
Gi -invariant. Then, the quotient manifold T*Q/G\ is a Poisson manifold (see Section 12 .2|) 
and if vr^.g : T*Q — ► T*Q/G± is the canonical projection, we have that the Hamiltonian 
system (T*Q,H) is 7Ty*Q-projectable over a Hamiltonian system on T*Q/G\. This means that 
7Ty*g : T*Q — > T*Q/G\ is a Poisson morphism (see Section \2.2\ and that there exists a real 
function Hi : T*Q/G± — > R such that Hi o n)p t Q = H. Thus, if 7 : I — >• T*Q is a solution of the 
Hamilton equations for H in T*Q then vr^*g o 7 : / — > T*Q/Gi is a solution of the Hamilton 

equations for Hi in T*Q/Gi. 

Now, suppose that G2 is a closed normal subgroup of Gi such that the action of G2 on Q 
induces a principal GVbundle. Then, it is clear that the construction of the reduced Hamiltonian 
system (T*Q/Gi, Hi) can be carried out in two steps. 

First step: The Hamiltonian function H is GVinvariant and, therefore, the Hamiltonian 
system (T*Q,H) may be reduced to a Hamiltonian system in the Poisson manifold T*Q/G2 
with Hamiltonian function H2 ■ T*Q/G2 — ► R- 

Second step: The cotangent lift of the action of G\ on Q induces a Poisson action of the 
quotient Lie group G1/G2 on the Poisson manifold T*Q/G2 and the space (T*Q/G2)/(Gi/G2) of 
orbits of this action is isomorphic to the full reduced space T*Q/Gi. Moreover, the function H2 

is (Cri/£r2)-invariant and, consequently, it induces a Hamiltonian function H2 on the space 

(T*Q/G 2 )/(Gi/G 2 ). Under the identification between (T*Q/G 2 )/(Gi/G 2 ) and T*Q/G U H 2 is 
just the Hamiltonian function H\. In conclusion, in this second step, we see that the Hamiltonian 
system (T*Q/G2, H 2 ) may be reduced to the Hamiltonian system (T*Q/Gi,Hi). 
Next, we will give a "symplectic description" of the above reduction process. 
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For this purpose, we will consider the Atiyah algebroids ttq/g 2 ■ TQ/G2 — > Q2 = Q/G2 and 
T TQ /d : TQ/Gi — > Qi = Q/G\ associated with the principal bundles ttq : Q — > Q2 = Q/G2 
and 7Tq : Q — > Q\ = Q/G±. We also consider the corresponding dual vector bundles t t *q/ G2 : 

T*Q/G 2 ^Q 2 = Q/G 2 and r T , Q/Gl : T*QjG x - Qi = Q/G x . 

Then, the original Hamiltonian system (T*Q, H) may be considered as a Hamiltonian system, 
with Hamiltonian function H, in the standard symplectic Lie algebroid 

t t(t*q) ■ T(T*Q) - T*Q. 

Note that this symplectic Lie algebroid is isomorphic to the TQ-tangent bundle to T*Q. 

On the other hand, the reduced Poisson Hamiltonian system (T*Q/G±, H\) may be considered 
as a Hamiltonian system, with Hamiltonian function H\ : T*Q/G\ — > R in the symplectic Lie 
algebroid 

Tq-TQ/Gj (t*q/Gi) : 1 TQfGl {T*Q/G x ) - T*Q/G\. 

Now, in order to give the symplectic description of the two steps of the reduction process, we 
proceed as follows: 

First step: The action of G2 on Q induces a symplectic action of G2 on the symplec- 
tic Lie algebroid t t tq (t * q) : T TQ (T*Q) ^ T(T*Q) -> T*Q. Furthermore (see Example ED, 
the symplectic reduction of this Lie algebroid by G2 is just the TQ/G2 -tangent bundle to 
T*Q/G 2 , that is, T TQ / G2 {T*Q/G 2 ) (note that the standard Lie bracket of two (^-invariant 
vector fields on Q is again a (^-invariant vector field). Therefore, the Hamiltonian sys- 
tem, in the symplectic Lie algebroid tj>(t*q) '■ T(T*Q) — ► T*Q, with Hamiltonian function 
H : T*Q — > R may be reduced to a Hamiltonian system, in the symplectic Lie algebroid 
t t tq/g 2[t , q/G2) : T T Q/ G2 (T*Q/G 2 ) -> T*Q/G 2 , with Hamiltonian function 5 2 : T*Q/G 2 -> R. 

Second step: The action of the Lie group Gi on Q induces a Lie algebroid action of 
the quotient Lie group G1/G2 on the Atiyah algebroid t^q/g^ ■ TQ/G2 — > Q2 = Q/Gz- 
Thus (see Remark EJ), the quotient vector bundle (TQ/G 2 )/{G 1 /G 2 ) -> (Q/G , 2)/(G , i/G 2 ) ad- 
mits a quotient Lie algebroid structure. If follows that this Lie algebroid is isomorphic to 
the Atiyah algebroid t T q/ Gi : TQ/G\ — ► Qi = Q/G\. On the other hand, the Lie alge- 
broid action of G1/G2 on the Atiyah algebroid ttqig 2 '■ TQ/G2 — ► Q2 = Q/G2 induces 
a symplectic action of G1/G2 on the symplectic Lie algebroid T TQ / G2 (T*Q /G 2 ) T*Q/G 2 
which is also a Lie algebroid action (see Example [3|) . Moreover (see again Example [3]) , the 
symplectic reduction of t t tq/g 2 (t*q/G2) ' 1~ TG: / G2 (T*Q /G2) — > T*Q/G2 by G1/G2 is the 
(TQ/G 2 )/(Gi/G 2 )-tangent bundle to (T*Q/G 2 )/(G 1 /G 2 ), that is, the symplectic Lie algebroid 
TTTQ/GiiT'Q/d) '■ T TG; / Gl (T*Q/Gi) — ► T*Q/G\. Therefore, the Hamiltonian system in the 
symplectic Lie algebroid Tt t Q/ g 2{t*q/G2) ' T TG: I G2 (T*<5/G 2 ) — > T*Q/G 2 , with Hamiltonian 
function i? 2 : T*G;/G 2 — > R, may be reduced to the Hamiltonian system in the symplec- 
tic Lie algebroid T-r T( 3/ G! i(T*Q/Gi) • 1~ TG; / Gl (T*Q/Gi) — ► T*Q/G±, with Hamiltonian function 
#1 : T*Q/Gi R. 

4.4 A Lagrange top 

In Sections 14.21 and 14.31 we discussed the reduction of a symplectic Lie algebroid j4 by a Lie 
subalgebroid -B and a symmetry Lie group G for the particular case when G is the trivial group 
and for the particular case when B is symplectic, respectively. 

Next, we will consider an example such that the Lie subalgebroid B is not symplectic and 
the symmetry Lie group G is not trivial: a Lagrange top. 
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A Lagrange top is a classical mechanical system which consists of a symmetric rigid body 
with a fixed point moving in a gravitational field (see, for instance, [U I15j). 

A Lagrange top may be described as a Hamiltonian system on the ^4-tangent bundle to A*, 
where A is an action Lie algebroid over the sphere S 2 in R 3 

S 2 = {x G R 3 /||x|| = 1}. 

The Lie algebroid structure on A is defined as follows. 

Let SO (3) be the special orthogonal group of order 3. As we know, the Lie algebra so (3) of 
SO(3) may identified with R 3 and, under this identification, the Lie bracket [•, -] S0 (3) is J us t the 
cross product on R 3 . 

We have the standard left action of SO (3) on S 2 and the corresponding infinitesimal left 
action $ : so (3) ^ R 3 -> X(S 2 ) given by 

$(£)(x)=£xx, for £Gso(3)^R 3 and x € S 2 . 

A is the Lie algebroid over S 2 associated with the infinitesimal left action Thus, A = 
S 2 x so(3) = S 2 x R 3 and if [•, •] r is the Lie bracket on the space r(^4) we can choose a global 
basis {ei, e2, 63} of r(^4) such that 

[ei,e 2 ]^ = e 3 , [e 3 ,ei]^ = e 2 , [e 2 , e 3 ] j = ei. 

The dual vector bundle ^4* to ^4 is the trivial vector bundle tj„ : A* = S 2 x R 3 — > S 2 and the 
Hamiltonian function # : ^4* = S 2 x R 3 — > R is defined by 

H(x,n) = \(^ + f + ^p)+(m 9 l)z, 

for x = (x,y,z) G <S 2 and 7r = (wi, 7T 2 , 7T 3 ) G R 3 , where (1,1, J) are the (positive) eigenvalues of 
the inertia tensor, m is the mass, g is the gravity and / is the distance from the fixed point of 
the body to the centre of mass. 

The A-tangent bundle to A*, T A A*, is isomorphic to the trivial vector bundle over A* = 
S 2 x R 3 

t t z£, : T A A* ^ (S 2 x R 3 ) x (R 3 x R 3 ) -> A* ^ S 2 x R 3 . 

Under the canonical identification TA* = TS 2 x (R 3 x R 3 ), the anchor map p T jj* ■ T A A* — > 
TA* of T A A* is given by 

P t ax*({x,^), (£,<*)) = ((x, -£ x x), (it, a)) 

for ((x, 7r), (£, a)) G T A A* = (S 2 x R 3 ) x (R 3 x R 3 ). Moreover, we may choose, in a natural way, 
a global basis {ei, /j}i=i, 2|3 of Y(T A A*) such that 

lei,e 2 j T Aj* = e 3 , [e 3 , ei]^^, = [e 2 ,e 3 ] r ^ = ei, 

and the rest of the fundamental Lie brackets are zero. 
The symplectic section ^ r AX* ls gi yeri by 

n rXX *(x,ir)((Z,a),(g,a')) = a'(0 - a(0 + vr(£ x O, 
for (x, tt) G A* S 2 x R 3 and (£, a), (£', a') G R 3 x R 3 . 
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Now, we consider the Lie subgroup G of 50(3) of rotations about the z-axis. The elements 
of G are of the form 



Ag = sin 9 cos 6 with 9 G 




It is clear that G is isomorphic to 5 1 = R/(27rZ). 

Note that the standard action of G = 5 1 on 5 2 is not free (the north and the south poles are 
fixed points). Therefore, we must restrict this action to the open subset M of 5 2 

M = 5 2 - {(0,0,1), (0,0,-1)}. 

We have that the map fi : S 1 xR = R/(2ttZ) xR^M given by 



tm-i) 



is a diffeomorphism. Under this identification between M and 5 1 x R, the action tp of G = 5 1 
on M ^ 5 1 x R is defined by 

^([0'],([0],t)) = ([0 + / ],t), for [0TG5 1 and ([9], t) G 5 1 x R. 

Next, we consider the open subset of ^4 

A = r~ x (M) 9* (5 1 x R) x R 3 . 

It is clear that A is an action Lie algebroid over M = 5 1 x R and the dual bundle to ^4 is the 
trivial vector bundle t a * : A* = (5 1 x R) x R 3 -> 5 1 x R. The restriction of H to A* is the 
Hamiltonian function H : A* = (5 1 xl) xR 3 ^l defined by 



ff(([f],t),7r) = ^ (y + y + y) + (mgl)tanht. 



On the other hand, the action of G = 5 1 on M and the standard action of G on R 3 induce an 
action f of G on A in such a way ^ is a Lie algebroid action of G on A. Thus, we may consider 
the corresponding symplectic action T*^f (see Example [3]) of G on the symplectic Lie algebroid 

t t a a , : T A A* = (M x R 3 ) x (R 3 x R 3 ) -> M x R 3 . 

Note that A* is isomorphic to the open subset t~^(M) of A* and that 

T 4 ^* =r"i~ (t~ 1 (M)). 

So, the basis {ej, /i}i=i,2,3 of r(T yl A*) induces a basis of T(T A A*) which we will denote by 
{si, fi}i=i,2.3- The Hamiltonian section TI h tAa * of H in the symplectic Lie algebroid (T A A*, 
&T A A*) 1S given by 

((^,t),vr) = Tei + T e 2 + T e3+^ - smflj A 

(/ - J)ttitt 3 mgl 



I J (coshi) 



cose f. 



for (([«], i),7r) G 4* = (5 1 x 
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Now, we consider the submanifold N of A* = M x R 3 

JV = {(([0],t),7r) eA*/n 3 = 0} 
and the Lie subalgebroid B (over N) of T A A* 

B = {((([0],t),7r), (£,«)) G T A A7^3 = «3 = 0}. 
If f2 B is the restriction of Qq-A^* to the Lie subalgebroid B then 

dim(kerfi B (([0],t),7r)) = 1, for all (([0],t),7r) G iV 
and the section s oi tb B —> N defined by 

s = (e 3 +vr 2 /i — 7Ti/ 2 )|Ar 

is a global basis of r(ker B ). Moreover, the restriction of the symplectic action T*^ to the Lie 
algebroid tb ■ B — ► N is a presymplectic action. In fact, the action of G on N is given by 

for [9'] GG^S 1 and (([#], t),vr) G AT, and the action of G on 5 is 

([8l(m,t),TT),(li,a)))^((([6 + 6'] 1 t) 1 A e ,n),(A e ,li,A e , a )). 

Thus, using Theorem [IJ we may consider the reduced vector bundle : B = (B / ker B )/G — > 
iV = N/G. Furthermore, if 7Tb ■ B ^ B and -n^r : N ^ N = N/G are the canonical projections 
then a basis of the space T(B)~ of 7f B -projectable sections of tb ■ B — > N is {e^, e' 2 , s, /{, / 2 }, 
where 

e'x = [cos6)ei\ N + (sin 9)e 2 \ N , e 2 = -(sin^e^ + cos(0)e 2 |jv, 
A = (cos0)/i|jv + (sin0)/ 2 |jv, = -(sin0)/i|jv + (cos9)f 2 \ N . 

We have that 

I e i) e 2]B = (sinht)e' 1 + s — (7r 2 cos — 7Ti sin0)/{ + (7Ti cos + 7r 2 sin0)/ 2 , 
= -(sinhi)/ 2 , K, / 2 ] B = (smht)f[, 

and the rest of the Lie brackets between the elements of the b asis {c^, c 2 , s, f-y, / 2 } are zero. 
Note that the vertical bundle to ir^ is generated by the vector field on N 

d_ _ _d_ _d_ 

89 2 diri 1 d-K 2 

and therefore, le[,e 2 } B , [ei,/(] B , K, f 2 j B G r(B)| fl . 

Consequently, r(5)~ is a Lie subalgebra of (r(i?), [•, -] B ) and r(kerf2 B ) is an ideal of 
T(B)~ . This implies that the vector bundle rg : B — > AT admits a unique Lie algebroid structure 
([') '1 B 'P B ) such that 7r B is a Lie algebroid epimorphism. In addition, f2 B induces a symplectic 
section on the Lie algebroid rg : -B — > A?" such that Tr B il.^ = £1 b (see Theorem [2]). 

On the other hand, using Theorem [31 we deduce that the original Hamiltonian system, with 
Hamiltonian function H : A* — > R in the symplectic Lie algebroid Tj-a^* : T A A* — > A* , may be 
reduced to a Hamiltonian system, with Hamiltonian function H : A?" — > R, in the symplectic Lie 
algebroid : B ^ N . 
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Next, we will give an explicit description of the reduced symplectic Lie algebroid and the 
reduced Hamiltonian system on it. 

In fact, one may prove that the Lie algebroid : B — > N is isomorphic to the trivial vector 
bundle Tj$3 X ]r4 : I 3 x I 4 -t I 3 with basis M 3 and fiber R 4 and, under this identification, the 
anchor map is given by 

d d d 

p s ((t,v), (rj,P)) = -77 2 (cosht)— + (/?! - 771^2 sinht)— + (/3 2 + 771^1 sinht) — , 

for (t,u = (ui,u 2 )) £R xR 2 =R 3 and (rj = (771,772),/?= (/?i,/3 2 )) £l 2 x R 2 = R 4 . 
Moreover, if {ej}j=i .. 4 is the canonical basis of T(B) = T(]R 3 x M 4 ) we have that 

[ei, e 2 ]j3 = (sinht)ei - u 2 e 3 + u\e^ 

[ei,e 3 ]g = -(sinhi)e 4 , [ei,e 4 ]_g = (sinht)e 3 

and the rest of the Lie brackets between the elements of the basis is zero. 

Finally, one may prove that the reduced symplectic section J!- the reduced Hamiltonian 

function H and the corresponding reduced Hamiltonian vector field 7i\^ ^ on N = M 3 are 
given by the following expressions 

n g (t, l /)(fa, / 9),( J /,/3')) = (3'(v) - Ptf), 
,2 ,,2 



1 ( V \ , v 2 



H(t, ») = 2\ i + i) + m ^Ktanh t), 

H ^N _ _^ cosh ^ _ ___ sinht A + f ____ + -LsinhA 
^ " / COSilt 9 t / SmJl *^ 1 + Vcosht + / V 



d 

dv 2 



5 Conclusions and future work 

In this paper we have generalized the Cartan symplectic reduction by a submanifold in the 
presence of a symmetry Lie group to the Lie algebroid setting. More precisely, we develop 
a procedure to reduce a symplectic Lie algebroid to a certain quotient symplectic Lie algebroid, 
using a Lie subalgebroid and a symmetry Lie group. In addition, under some mild assumptions 
we are able to reduce the Hamiltonian dynamics. Several examples illustrate our theory. 

As we already mentioned in the introduction, a particular example of reduction of a symplectic 
manifold is the well known Marsden-Weinstein reduction of a symmetric Hamiltonian dynamical 
system (M,£l,H) in the presence of a G-equivariant momentum map J : M — > q*, where g is 
the Lie algebra of the Lie group G which acts on M by $ : G X M — » M. In this situation, the 
submanifold is the inverse image J~ 1 (p) of a regular value /i € 5* of J, and the Lie group acting 
on J~ 1 ( / u) is the isotropy group of p. It would be interesting to generalize this procedure to the 
setting of symplectic Lie algebroids. In this case, we would have to define a proper notion of 
a momentum map for this framework. This appropiate moment map would allow us to get the 
right submanifold in order to apply the reduction procedure we have developed in this paper. 
Moreover, under these hypotheses, we should be able to reduce also the Hamiltonian dynamics. 
These topics are the subject of a forthcoming paper (see [TO]). 

A natural generalization of symplectic manifolds is that of Poisson manifolds. This type 
of manifolds play also a prominent role in the Hamiltonian description of Mechanics, in par- 
ticular for systems with constraints or with symmetry. For Poisson manifolds, one can also 
develop a reduction procedure (see [H]). On the other hand, as we mentioned in Section 2.2, 
a symplectic section on a Lie algebroid A can be seen as a particular example of a triangular 
matrix for A, that is, a Poisson structure in the Lie algebroid setting. Therefore, it should be 
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interesting to generalize our reduction constructions to Poisson structures on Lie algebroids and, 
more generally, to obtain a reduction procedure for Lie bialgebroids (we remark that triangular 
matrices on Lie algebroids are a particular example of Lie bialgebroids, the so-called triangular 
Lie bialgebroids). 

On the other hand, recently, in pQ it has been described a reduction procedure for Courant 
algebroids and Dirac structures. We recall that there is a relation between Courant algebroids 
and Lie bialgebroids: there is a one-to-one correspondence between Lie bialgebroids and pairs 
of complementary Dirac structures for a Courant algebroid (see |12j). Since symplectic Lie 
algebroids are a particular example of this situation, it would be interesting to compare both 
approaches. This is the subject of a forthcoming paper. 



Appendix 

Suppose that ta : A — > M and : A — > M are real vector bundles and that tta '■ A — > A is 
a vector bundle epimorphism over the surjective submersion ttm '■ M — » M . 

Thus, one may consider the vector subbundle ker tta of A whose fiber over the point x 6 M 
is the kernel of the linear epimorphism (tta)\a x '■ A x — ► A %u r x y 

On the other hand, a section X of the vector bundle ta '■ A — > M is said to be Tr^-projectable 
if there exists a section tta{X) of tt : A — > M such that 

7Ta oX = tta{X) ott M - (A.l) 

We will denote by T(A)„ A the set of vr^-projectable sections. T(A)^ A is a C°°(M)-module and 
it is clear that r(ker7r j 4) is a C°°(M)-submodule of Y{A% A . 

Note that if X £ T(A)„ A then there exists a unique section tta(X) of the vector bundle such 
that (TATED holds. 

Thus, we may define a map 

IL4 : T{A)l A - T(2) 

and it follows that IL4 is an epimorphism of C 00 (M)-modules and that ker 11^ = r(ker-7r J 4). 

Therefore, we have that the C°°(M)-modules r(^4) and — — are isomorphic, that is, 

T(ker 7r a) 

Moreover, one may prove that following result. 

Theorem A.l. Let tta ■ A — > A be a vector bundle epimorphism between the vector bundles 
ta ■ A — > M and : A — > M over the surjective submersion ttm '■ M — > M and suppose that A is 
a Lie algebroid with Lie algebroid structure ([•, Then, there exists a unique Lie algebroid 

structure on the vector bundle t^ : A — > M such that tta is a Lie algebroid epimorphism if and 
only if the following conditions hold: 

i) The space T(A)^ A is a Lie subalgebra of the Lie algebra (T(A), an d 

ii) r(ker7r J 4) is an ideal of the Lie algebra T{A) r ^ A . 

Proof. Assume that ([•, -]^-, p^) is a Lie algebroid structure on the vector bundle tj : A — > M 
such that tta is a Lie algebroid epimorphism. 
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If X G T(A)l A then, using that 

d A (fov M ) = (n A )*(d A J), V/G C°°(M), 

we directly conclude that the vector field p A (X) on M is 7TA/-projectable on the vector field 
p x (ir A (X)) on M. 

Thus, if Y G T(A)l A and 5 G T(A*), we have that 

a(7T M (X))(17T A (X), 7T A (Y)] X (7T M (x) ) ) 

= -(7T* A (d A a))(x)(X(x), Y(x)) + p A (X)(x)(n* A a)(Y)) - p A (Y)(x)((ir* A a)(X)\ 

for all x G M. Therefore, since (TT* A (d A a)) = d A (ir A a) it follows that 

5(vr A/ (x))(\k a (X), ir A (Y)I x (tt m (x) ) ) 

= «5)(x)([X,y] A (x)) = 5(vr M (x))(7r A [X,y] J 4(x)). 

Consequently, we deduce the following result 

X, Y G T{A)l A ir A o [X, Y] A = {tt a (X), tt a (Y)} a o ttm- 

This proves (i) and (iz). 

Conversely, suppose that conditions (i) and (ii) hold. Then, we will define a Lie bracket 
[•, -J^- on the space T(A) as follows. If X and Y are sections of tt : ^4 — > M, we can choose 
X,F G r(A)^ such that 

7T A (X) = X, TT A (Y) = Y. 

Now, we have that [X.FJ^ G T(A)l A and wc define 

[X,Y] X = {7r A (X),7r A (Y)j A = 7T A lX,Yj A . (A.3) 

Using condition (ii), it follows that the map [•, *]r : r(^4) x T(A) — > T(A) is well-defined. 
Moreover, since |-,-]a is a Lie bracket on T(A), we conclude that [•, •] t is also a Lie bracket 
on r(A). 

Next, will see that 

Z G T(kerir A ) => p A (Z) is a 7i"Af-vertical vector field. (A. 4) 

In fact, if / G C°°(M) we have that 

lZ,(fo7r M )Y] A ET(keT7r A ), for all Fer(i)^. 
On the other hand, 

[Z, (Jo 7T M )Y] A = (Jo 7T M )IZ, Y] A + PA (Z)(Jo TT M )Y 

which implies that p A (Z)(f o ttm) = and, thus, the vector field p A (Z) is vertical with respect 
to the map ttm- 

Now, let X be a section of tt : A — > M and X be a section of t a : A — > M such that 
ir A (X) = X. If / G C°°(M) it follows that 

[X, (Jo 7r M )Yj A G r(A)? for all Y G T(A)? A 
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and, since 

\X, {Jo 7r)Y] A = {Jo nM )[X, Y] A + PA {X){Jo tt m )Y 

we obtain that p A {X){f o ttm) is a basic function with respect to the map ttm- Therefore, the 
vector field pa{X) is 7Tjy/-pi'ojectable to a vector field p A (X) on M. 

Using (|A.4|) . we deduce that the map p-r : T{A) — > X(M) is well-defined. In fact, p^ is 
a homomorphism of C°°(M)-modules and if we also denote by p^ : A — > TM the corresponding 
bundle map then 

Tn M o PA = Px 07T A- (A. 5) 

In addition, since ([•, -J^, pa) is a Lie algebroid structure on A, we conclude that the pair 
([■> 'Ia'^a) 1S a ^ so a a lg erj roid structure on A. 
On the other hand, from (|A.5|) . it follows that 

7r A (d I f)=d A (foir M ), for J € C°°(M). 

Furthermore, using (|A.3|) and (|A.5p . we obtain that 

TT* A {d A a) = d A {ir* A a), for 5 € 

Consequently, 7ta is a Lie algebroid epimorphism. 

Now, suppose that ([•, "ItjPt) is another Lie algebroid structure on the vector bundle tjj : 

A^> M such that 7T4 is a Lie algebroid epimorphism. Denote by d' A the differential of the Lie 
algebroid {A, [•, 'f^p'^)- Then, the condition 

7r A {d' A J)=d A {JoTr M ), for J E C°°{M), 

implies that Tttm ° Pa = p'^° ^a- Thus, from (|A.5|) . we deduce that pj = p'~. 
Therefore, the condition 

n* A {d' A a) = d A {ir* A a), for a 6 T(A*), 
implies that 

\ir A {X)^ A {Y)^ x = n A (lX,Yj A ), for X,Y E r(^ 
and, using ()A.3[) . we conclude that [•, = [•, •] ~. ■ 

Remark A. 2. An equivalent dual version of Theorem IA.1I was proved in [3]. 
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